Abstract -It has been recently remarked by Hollands and Wald that the holistic (local) aspects of quantum field theory fully explain the fact that the cosmological constant does not have the absurdly large value which is commonly assumed. There remains the quite different problem of why the cosmological constant leads to an absurdly small dark energy density when applying the field-theoretic Casimir effect to the Universe as a whole. In this paper we propose a local theory of the Casimir effect, following work of B.S. Kay and a recent paper with L.
Dark energy X is the biggest challenge for the New Cosmology [1] . Together with, the distinguishing feature of emitting no light, it has large negative pressure p X ,
where ρ X denotes "energy density of X " with ρ X = 2.7 × 10 −47
(thus being more "energy-like" than "matter-like p ≪ ρ"). Further,
it is approximately homogeneous (3) that is, it does not cluster significantly with matter on scales at least as large as clusters of galaxies.
When considering the coupling to gravity, the vacuum energy density acts like a cosmological constant ( [2] , [3] ). The vacuum expectation value < . > vac of the energy momentum tensor T µν has the form (for a curved metric) T µν vac = g µν ρ vac + higher curvature terms, with g µν ≡ diag (1, −1, −1, −1) and ρ vac denotes the quantum vacuum energy density. We shall ignore the higher curvature terms at the present time, assuming that the Universe is flat, which indicated by CMB (cosmic microwave background) anisotropy measurements [4] . The form
is mathematically equivalent to the cosmological constant being equal to
( [2] , [3] ), where G is the gravitational constant, thus leading to repulsive gravity and an accelerating Universe, as presently observed [3] . By (4) T µν takes the perfect fluid form
with
and is precisely spatially uniform, being thus, by (1) and (6b), "almost the perfect candidate for dark energy" [1] . (In fact, the near isotropy and homogeneity of the Universe which derives from the uniformity of the CMB and the fact that dark energy dominates the composition, equalling 2/3 of the full content, implies that its stress-energy tensor must to a good approximation, take the perfect fluid form (6a). Unifortunately, however, calculation of the ground state energy of a quantum field by summing over the "low energy modes" of frequency ω ≤ 1/ℓ 0 (where l 0 ∼ (G 2 /c 3 ) 1/2 may be taken as the Planck length) leads to a huge value for the cosmological constant ( [2] . [3] ). The question has been analysed by Hollands and Wald [5] on the basis of the massless Klein-Gordon field in a 1 + 1 dimensional static spacetime of spatial topology S 1 (the circle) with metric of the form
where the range of the θ-coordinate is [0, 2π). This model has been treated by B.S. Kay in an important paper [6] , with the result for E c = T 00 ,
The sum over low energy modes yields, however, in this case,
which disagrees with (7b) not only in sign but also by the huge factor (L/l 0 ) 2 ≫ 1. It was shown in [5] that adjusting the zero of energy of the with mode by a quantity ∈ 0 (n, L) , natural scaling requirements inherited from the quantum field yield ∈ 0 (n, L) = c n L for some constant c, which cannot be made to agree with (7b) for any choice of c. A simple extension of these arguments [5] leads to the following conclusion: quantum field theory predicts that the stress energy tensor of a free quantum field in an adiabatic vacuum state in a slowly expanding 4-dimensional Universe should be of order
where
(the "Hubble length") denotes the size or radius of the Universe. Thus,
GeV 4 given by (2) . Thus, the effective cosmological constant obtained from (5), (8) , (9) is rather much too small to explain dark energy!
In this paper we propose to remedy the above enigma by partitioning the Universe into "small" equal cubic cells of side L(t) with imaginary and perfectly reflecting receding walls -the "cosmic boxes" of Edward Harrison, which have been sucessful in explaining several phenomena, such as darkness at night and thermodynamics of the Universe ( [7] , [8] , [9] ).
The comoving faces of a single be move apart with a velocity given by the Hubble law,
i.e., the side L(t) of the cube is proportional to the scaling factor R(t) (see, e.g., [24] .
Chap. 15, for the scaling factor) -see Fig.1 .
L(t)

Fig. 1: the cosmic box
The proportionality constant c is such that
and
is fixed, at the present time t 0 ,by the average (intensive in thermodynamic language)
properties, such as energy or particle density of a specific particle. Each specific physical phenomenon -or intensive property is associated to a different cosmic box or multiples thereof. In doing so, we rely heavily on property (3) -"irregularities", e.g., horizons, are ignored. For both matter and radiation the reflecting and receding character of the walls yield the correct form of the energy loss due to an expanding Universe, and of the thermodynamics [9] . Radiation shows itself in the cosmic box as standing waves in a resonant cavity.
For a free quantum field, the above-mentioned standing waves are obtained by imposing waves are obtained by imposing Dirichlet, Neumann or mixed boundary conditio (b.c) on the faces of the cube. For definiteness, we shall settle for Dirichlet b.c. We now formulate the Casimir (vacuum) energy problem in this framework following [6] . Consider a (for definiteness massive) Klein-Gordon field Φ on a compact region K with boundary ∂K (e.g., the interior of a cube) 1 . We wish to calculate the expectation value of the energy density E( x) = T 00 ( x) at the point x , a local operation which involves only a small neighborhood-say N( x ) -of x , and is thus independent of the global topology of space-time [6] .
Accordingly, our cosmic box must be sufficiently "small", i.e.,
We may thus assume that E( x ) behaves precisely as in globally flat-space-time, in which case there exists a prescription to define (and calculate) E( x ):
where the dots indicate normal ordering of the Hamiltonian density H( x )( = c = 1)
with µ the particle mass, Since, however, the state S of the system on K is different from the vacuum state ω of (infinite) globally flat space-time even restricted to N( x ).
(seee [6] , Appendix, for a a discussion), the question arises: with respect to which state is the normal ordering (11a)? In [6] the following renormalization condition was imposed:
This condition means that the double dots refer to the infinite-space Minkowski vacuum ω , and was motivated in [10] , [11] and [12] by the fact that real boundaries consist of electrons and ions, and the field which interacts with them is quantized in infinite space. In applications to Cosmology, the boundaries are imaginary and do not consist of real materials. In this case, it is best to view (12) as an independent "renormalization condition", as done by B. Kay in [6] .
The assumptions of local quantum theory [13] yield now a rigorous formula for S(E( x)) (see the appendix of [6] ):
S(E( x )) = lim
We now define a regularized free quantum scalar field by
a, a + are annihilation and creation operators on symmetric Fock space satisfying (for-
and C Λ is a smooth function depending on a (cutoff)
parameter Λ of dimensions of length, normalized in some way (for µ = 0 we obtain the natural Λ-independent normalization C Λ ( 0) = 1 used in [12] ; we could achieve the same for µ = 0 by multiplying the r.h.s. of (22) by e +Λµ but this would not alter any result):
and such that
(16b) suggests that we compute S(E( x )) , given by the r.h.s of (13) , in the following way (as in [6] , [12] ):
and u n are normalized real eigenfunctions of the operator (−∆ + µ 2 ) 1/2 , where ∆ is the Laplacian in K , with Dirichlet b.c., and n labels the corresponding modes. In [6] it is conjectured that results for S(E( x )) , given by (17a), would be regularization independent (R.I) and it is proved in the example of the massive Klein Gordon field in two-dimensional space-time in the cylinder (7) that there are logarithmic divergences in both (18a) and (18b), but that they cancel precisely in (17b). It may be asked what happens in more general situations concerning these two questions.
Unfortunately regularization dependence of S Λ (E( x )) has been shown by several authors, perhaps in greatest generality by C.R. Hagen [14] . Let L denote a length caracterizing the spatial extension of K (for a cube, it is just its side). The quan-
Λ,L has dimensions of (length) −1 and thus the (in general divergent) asymptotic expansion in the massless case is of the form:
Except for the Λ-independent term in (19)
the terms in the above asymptotic expansion are regularization-dependent. In [12] it was proved, (Theorem pg. 319) that E vac,ind L is indeed regularization independent (RI) for parallel plates and a scalar field if plates and a massless scalar field if the cutoff-function satisfies some general regularity requirements, besides (16a) (for µ = 0), and we expect that a similar proof applies to the general rectangular parallelepiped, (of which the parallel plates are a limiting situation). For the sphere RI was proved in [21] . RI justifies the definition of the Λ-independent term (20) as the physical Casimir energy: it reflects the field theoretic structure of the vacuum state which is independent of the cavity materials.
This interpretation is even shown to be necessary by consideration of the energy per area ∈ of dimension (length) −3 of parallel plates in the massless scalar case, whose asymptotic expansion is ((32) of [12] ):
where d denotes the distance between the plates. The quantity
leads to the measured value for the pressure in the electromagnetic case, which is twice the value (21b) due to summation over the two photon-polarization values (see [15] for this and the huge literature on the Casimir effect, of which we have only quoted special papers with a direct bearing on the present work). The first term in (21a) diverges as Λ → 0 but does not contribute to the pressure because it is independent of L . In Cosmology however, the energy density is also an observable, and consistency would require adopting (21b) as the physical Casimir energy. We shall thus henceforth consider E vac,ind , given by (19) and (20) , as the energy density observable and assume it is RI. We shall comment on the logarithmic divergences later on 2 .
We first take K to be the cube of side L = L 0 , where L 0 is given by (10b) (i.e. the present-time length) and the Casimir effect for a massive scalar field on K . Since the cosmic box is a self-influencing region, it is expected that only the inner Casimir effect is relevant (but see later).
Since, now, the mass µ has dimension (length)
terms (see (30) ) in the asymptotic expansion. In addition, the details are more delicate due to the existence of the basic feature which makes renormalization essential, namely, logarithmic divergences (a feature in common with the sphere, where the uniform curvature plays the role of a mass [21] ). We now choose for C Λ the function
By (17), (18) , and (22), we may write
In (23c),
i = 1, 2, 3 labels the normalized eigenfunctions u n 1 ,n 2 ,n 3 of, the operator (−∆ + µ 2 )
1/2 in the internal problem for cube of side L with Dirichlet b.c.
with eigenvalue ω n , where k = π L | n | and ω is given by (15a). The sum (23c) on the octant (23d) may be written as 1 8 of the sum over all of Z 3 . However, due to (23d), we must subtract the three coordinate planes n 1 = 0, n 2 = 0 and n 3 = 0. In so doing, we exclude the axes n 1 = n 2 = 0; n 1 = n 3 = 0 and n 2 = n 3 = 0 six times each, and we must add three one-dimensional sums to compensate for this. Finally, exclusion of the three axes excludes the origin three times, instead of one, and twice the value of the summand in (23c) at the origin must be added in order to compensate for this. We thus obtain
Note that (71) of [12] contains an error in the last term, which was taken to be (−1) instead of (+2). In the massless case this constant yields zero in (71) of [12] upon derivation with respect to Λ, which is the correct contribution to the energy in the massless case. This error does not, therefore, affect any result in [12] . In the massive case, however we obtain the last term in (24), which will be crucial later on.
We use now on (24) the Poisson summation formula ( [16] , pg. 210).
(and the analogous for Z 2 and Z), with
Corresponding to (24) and (25a), we write
where I 2,0 corresponds to the m = 0 term on the r.h.s. of (25a):
On the first two integrals of (26b) we perform a change of variable | x | = µ sinh Φ , which converts them into elementary integrals. The one-dimensional integral may be computed explicity from ( [17] , (26) 
by (25a) and (26a)
where, since m = 0, we may write m · x = mx cos θ , choosing the z-axis in the direction of m , obtaining after intergration over the angles:
Using, now, the formula ( [17] , (27) , p.17)
we arrive at a lengthy expression which allows the calculation of the Λ-independent term in the asymptotic expansion:
We now turn to the remaining terms in (26a), (27a).
The integral in parenthesis above is 2π J 0 2π m α r , where J 0 denotes the zero-th order Bessel function and, by ([19] , pg. 188),
By ( [18] , pg.44, 10.2, 17),
By (28a-c) we arrive finally at
Finally, again from (25a) and (26a)
By (27d) and (29a) we obtain
By (23a), (26c), (27a), (27e), (28d) and (29b), we obtain, up to terms o(Λ),
An important test of the validity of (30) is to perform the limit µ → 0+ on (30) . Using
( [18] , 9.6.9, pg. 375), we obtain for the Λ-finite terms in (30) :
which agrees precisely with (77) of [12] which, itself, agrees with great precision with the numerical result of [20] , see [12] . The logarithmically divergent term in (30) , denoted
is, due to ([18], 9.6.8, pg. 375 and 9.6.26, pg. 376)
given by
By the above, it is nonzero, in contrast to B. Kay's very special example [6] . Note that, by (23a), (26c), and (27d) there is a logarithmic divergence in I 1 which is, as in Kay's example, exactly cancelled by the sole prescription of renormalization. Divergence (32) is, however, only cancelled by the external Casimir effect. Following the Ansatz in [12] (which we strongly believe is exact -the present calculation being a further indication of that), we find
Using Poisson's summation formula (25a), we find that only the term (34g) in (33) contributes to the logarithmic divergence and equals
(plus finite terms ( m = 0 ) in (25a)).
Perform now the change of variable
Comparing (36) with the one-dimensional integral in (26b)
(upon change of variable αx = x ′ , with α given by (25e)), we see that the term proportional to L exactly cancels it! Thus, up to an L-independent term (which does not affect the pressure), the logarithmic divergences cancel (similarly to the sphere [21] ). This is a very important point, because, due to ambiguity of the logarithmically divergent piece, a consequence of the freedom of writing ln 
partition of the Universe as in Fig. 2 . It is assumed that average quantities are calculated by summing over R ≫ L cubes of side L , with R ≪ L H , and, by consistency it is expected that the same results for any individual box, e.g., the cube C 0 at the center of Fig. 2 , are obtained for any average quantity, e.g., the pressure. Although the pressure on a face such as F 0 of C 0 due to all boxes external to C 0 is positive, leading to a repulsive force [12] , it is exactly compensated by the pressure on F 0 considered as a face of the adjourning cube C 1 due to all boxes external to C 1 . There remains the inner pressure in each of the cubes, which is negative, yielding an attractive force, and is shown by the arrows in Fig. 2 . This is perhaps the most striking feature of dark energy! Finally, and most importantly, summation over the R ≫ L boxes automatically eliminates the logarithmic divergence (24) . This feature would not occur (or would be meaningless) if applying the Casimir effect to the Universe as a whole [5] -what lies "beyond L H " to eliminate the logarithmic divergences?
Finally the length scale
is such that µ L ≫ 1 for Baryons (µ ≈ 1GeV) and even for neutrinos of a few eV (µL ∼ 10 6 ). By the exponential decay of K ν ([18], 9.7.2, p. 378) and (23), the Casimir pressure would be negligible. Consider, however, cold dark matter, and assume, for simplicity, that it consists entirely of axions, with µ a ≈ 10 −5+1 eV = 10 −13−14 GeV (38) [22] . Fixing the energy density
from which
By (38) and (40),
and, in (30), we may replace the pressure by the value corresponding to µ = 0 , which equals [12] :
Using (40) and (42) All is not so well, however because the energy density associated to (42) is just [12] 
which is negative, not positive, as required by the strong energy condition of general relativity for a classical perfect fluid with negative pressure ( [24] , (5, 25) , pg. 48). This nonpositivity is in agreement with the theorem of Epstein, Glaser and Jaffe [25] according to which : H( x) : , cannot be a positive operator -valued distribution, which applies rigorously to Kay's example [6] where complete cancellation occurs and (7b) results. In the present case it should be recalled that we are using a finite part (which is possibly related to Hadamard's, see the second reference of [15] and references given there, as well as footnote 2), excluding several negative terms in (30) , which thus, may be positive.
In fact, although the limit µ → 0 may be performed in the terms of (30) involving the K ν and the exponentials, there remains the term (2µ) which is positive and does not contribute to the pressure. Imposing condition (1) we obtain
which is compatible with (38) by (40). It does not seem therefore unreasonable to expect that p X = w X ρ X (46a) with some negative w X ; let us assume that
which leads to accelerated expansion and is a necessary condition under certain hypotheses [26] .
Up to now, we did not make use of (10a), just (10b). Applying now the first and second laws of thermodynamics to the cosmic box of Fig. 1 , and taking into account that the motion is adiabatic (see [27] ), p. 137-138, for a careful proof), we obtain, with V = L 3 ≈ R 3 by (10a), and (46a), V dρ X + (w X + 1) ρ X dV = 0 (47a) from which
and thus ρ X /ρ M ∼ R −3w X −→ t→+∞ ∞ under assumption (46b), where ρ M ∼ R −3 is the matter density. Thus, dark energy will become dominant in the future and, in the words of Michael Turner [1] "holds the key to understanding our destiny".
In conclusion, we have shown that the Casimir effecy in a local ("cosmic box ") formulation does explain several features of dark energy when applied to particles of very small mass, such as axions. Some of the relevant features of the Casimir effect, in particular, the behaviour of the "heat-kernel" for Λ small ("large temperature") ( [12] . pg. 317) are also important in the study [28] of the area-law behaviour of localization entropy.
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FOOTNOTES
1 The calculation for fermions differs only in kinematic factors of order one from the one for a scalar field considered here, see [29] . 2 We believe (work in progress) that the divergent terms (as Λ → 0+) in (30) may be eliminated by careful consideration of the scaling degree of the distribution (13) w.r. to the diagonal x 1 = x 2 (a concept defined in [30] ) and use of the condition of finiteness of the local energy density. See also [31] for a different approach, which determines, among several other results, the profile of the energy density in the case of parallel plates.
